Entanglement conditions for two-mode states 
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We provide a class of inequalities whose violation shows the presence of entanglement in two-mode 
systems. We initially consider observables that are quadratic in the mode creation and annihilation 
operators and find conditions under which a two-mode state is entangled. Further examination 
allows us to formulate additional conditions for detecting entanglement. We conclude by showing 
how the methods used here can be extended to find entanglement in systems of more than two 
modes. 
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Entanglement has proven to be a valuable resource in 
quantum information processing. However, determining 
whether or not a state is entangled is often far from sim- 
ple. Methods such as the Peres-Horodecki positive par- 
tial transpose condition (ij, entanglement witnesses 0, 
and hierarchies of entanglement conditions exist, but 
are not always straightforward to apply. In particular, 
for systems with continuous degrees of freedom, such as 
particle position or momentum or the quadrature com- 
ponents of field modes, the number of available criteria 
for detecting entanglement is very limited. Each of the 
known criteria detects only a subset of the set of entan- 
gled states. In many cases, these criteria are in the form 
of inequalities H-Q. In general they provide only suf- 
ficient conditions for detecting entanglement The 
utility of most of these inequalities is however limited 
for non-Gaussian bipartite states. For example, none 
of these conditions can detect the fact that the state 
(|0)a|l)b -I- |l)a|0)b)/\/2 is an entangled state, though it 
should be pointed out that it can be shown to be en- 
tangled by the application of other entanglement tests 
[l|, [III . This indicates that there is a need to find addi- 
tional simple, and ideally, experimentally accessible con- 
ditions that can establish whether a state is entangled. 

In this paper we provide a class of inequalities for de- 
tecting entanglement. These inequalities arise from ex- 
amining uncertainty relations. The use of uncertainty 
relations to establish conditions for detecting entangle- 
ment has been pursued by Hofmann and Takeuchi 12] 
and by Guehne [13 • We begin by examining observables 
that are quadratic in the mode creation and annihila- 
tion operators. These observables were used previously 
to define sum and difference squeezing, forms of higher- 
order squeezing [T3 |. These quantities and their uncer- 
tainties are, in principle, measurable, so that the condi- 
tions we derive could be used in a laboratory to detect 
entanglement. We find that the conditions formulated in 
terms of these variables lead to a host of other conditions 
for detecting entanglement. Finally, we shall briefly dis- 
cuss how some of these conditions can be extended to 
detect entanglement in systems consisting of more than 
two modes. 



Consider two modes of the electromagnetic field, where 
a and are the annihilation and creation operators of 
the first mode and b and fe^ are the annihilation and cre- 
ation operators of the second. We define the operators 
Li = ab'^ + d^b and L2 = i{ab^ — a^b) . Operators, pro- 
portional to these, along with one proportional to the 
operator L3 = a'^a + h^b^ form a representation of the 
su(2) Lie algebra, i.e., Ji — Li/2 {i — \ — Z) satisfy the 
commutation relations [Jfe, Jm] = i^kmnJn- Entangle- 
ment conditions expressed in terms of angular momen- 
tum operators have been derived by a number of authors 
It follows, on calculating the uncertainties of 
these variables and adding them, that 



(ALi)2 + (AL2 
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where Na — a^'a and Ni, — b^'b. Now suppose that the 
state we are considering is a product of a state in the 
a mode and another state in the b mode. Then the ex- 
pectation values in the above expression factorize into 
products of a-mode and 5-mode expectation values. We 
then have that 

(ALi)2 + = 2i{iNa + l)){Nh) + {Na)m + l)) 

-2|(«>(fot)n, (2) 

Noting that the Schwarz inequality implies that |(a)p < 
(No) and K^*)]^ < (^b), we find that for a product state 



iALif + iAL2f>2{{Na) + {m)). 



(3) 



This inequality can be extended to any separable state 
by using a result of Hofmann and Takeuchi For ^ 

density matrix p = ^fnPmPm and a variable S, we have 
that 



(4) 



where (ASm)'^ is the uncertainty of S calculated in the 
state pm- If the original state p is separable, then all 
of the states pm can be taken to be product states for 
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which the inequahty in Eq. @ holds. Then, Eq. Q 
impUes that Eq. © holds for the state p as well. Hence, 
Eq. (PI is valid for any separable state. It can be easily 
shown that Eq. Q is violated for the Bell state IV'oi) = 

{\0)a\l)b+\l)a\0)b)/V2 . 

We can gain more insight if we consider the uncertainty 
relation obeyed by Li and L2, 

{ALi){^L2)>\{Na-Nb)\. (5) 

This implies that 

(Aii)2 + (Ai2)' >2|(7V,-7Vb)|. (6) 

Comparing this result, which holds for any state, to Eq. 
(O, which holds for separable states, we see that the 
right-hand side of Eq. © is always less than or equal 
to that of Eq. |(2Jl. Consequently, there are states that 
violate Eq. © while satisfying Eq. and the state in 
the previous paragraph is an example of such a state. 

It is also worthwhile to see how the condition in Eq. 
©performs for a mixed state. Consider the state 

p = s|?/'oi)(?/'oi| + ^^Poi, (7) 

where < s < 1 and Pqi is the projec- 
tion operator onto thespace spanned by the vec- 
tors {|0)a|0)b,|0)a|l>b,|l)a|0)6,|l)a|l)b}. Wc find that 

(ALi)2-h(AL2)2 = 3-s-s2 and2((iVa)-h(iVfc)) = 2 , so 
that violation of the inequality in Eq. Q shows that the 
state is entangled if -l-s — 1 > 0, or 1 > s > (\/5— l)/2. 

An examination of the condition in Eq. Q shows us 
that the state is entangled if 

{NaNb) < |(a6t)|2. (8) 

Note that the Schwarz inequality implies that 

\{ab^)\'< {Nairn + 1)), (9) 

so there are states that can satisfy the inequality in Eq. 

This condition suggests that there is a family of 
similar conditions for detecting entanglement, where in- 
stead of considering the operator ab^ we consider instead 
a™ (6^)". For a pure product state we have that 

|(a"(&^)")P = |(a'")n(6")|' < ((at)'"a'")((6t)"6«), 

(10) 

or, because for a product state ((a^)™a'") = 
((at)'"a'"(6t)»6"), it is also true that 

|(a™(6^)")P < ((at)™a'"(6t)"6«). (11) 

It is this relation that will lead to a generalization of the 
entanglement condition in Eq. JSll, but before it does, we 
need to show that it holds for any separable state and not 
just for product states. Consider the density matrix for 
a general separable state given hy p — J2kPkPk, where 
Pk is a density matrix corresponding to a pure product 
state, and pk is the probability of pk- The probabilities 



satisfy the condition J^kPk = 1- Defining A = a"* and 
B ^ b"^, we have that 

\{AB^)\ < 5]pfc|Tr(p,^i?t)| 

fc 

< J2p,i{AUB^B)k)'^', (12) 
fe 

where {A^AB'^B)k = Tr{pkA^ AB^ B). We can now apply 
the Schwarz inequality to obtain 

\{AB^)\ < (y.Pk^ (^p,{A^AB^B),^ 

< ((ylUB^B))i/2, (13) 

which shows that the inequality in Eq. (|ll|l does indeed 
hold for all separable states. Therefore, we can conclude 
that a state is entangled if 

|(a™(6^)")P > ((at)™a'"(6^)"6"). (14) 

Let us now turn our attention to the variables Ki — 
ab + a^fot and K2 = 1(0^6^ — ab). One half times these 
operators along with one half times the operator the oper- 
ator K3 — a^a — b^b form a representation of the su(l,l) 
Lie algebra. As before, we would like to find inequali- 
ties involving these variables that tell us whether a two- 
mode state is entangled or not. The strategy that we 
employed before, adding the uncertainties and assum- 
ing the expectation values can be factorized, leads to 
the inequality for product states (Ai^i)^ -I- {AK2)^ > 
2{{Na) + (iVf,) + 1) . However, if we employ the uncer- 
tainty relation, AK1AK2 > {Na + Nb + l),we find that 
the above inequality holds for all states, and is therefore 
not useful for determining whether a state is entangled 
or not. 

We can obtain something useful if we pursue a different 
path. The guiding idea is that the "eigenstates" (the 
reason for the quotation marks is that these states are, 
in general, not normalizable, and hence do not lie in the 
Hilbert space of two- mode states) of operators such as Ki 
and K2 are highly entangled. States whose uncertainty 
in one of these variables is small will be close to one of 
these eigenstates, and will also be entangled. Therefore, 
for a state to be separable, its uncertainty in one of these 
variables must be greater than some lower bound. What 
we shall show is that in the case of Ki and K2, that lower 
bound is 1. 

In order to make the discussion more general, define 
the variable 

K{(j)) ^ e"l'a''b^ + e'"l'ab. (15) 

Note that ^(0) = Ki and K{tt/2) = K2. We then have 
that 

{AK{^)f = {{ah^ -{a^b^)){ab-{ab))) 
+ {iab-{ab)){a^b^ ~{a^b^))) 
+e'^*{(ah^ - (at6t))2) 
+e-2'^((a6- (a6))2). (16) 
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We again employ the Schwarz inequality to give us 

\{{ab^ {ab)f)\ < [((a6- (a6))(a^6t - (fltfot))) 

((fltfet _ {a^b^)){ab- {ab)))]^/Xl7) 

This gives us that 

(Aif(0))2 > [((a6-(a6))(at6t_(at6t)))i/2 

-((at6t_ (at6^))(a6- (a6)))i/2]2 

> [im + l)im + l))-\{ab)\'y/' 
-{{Nam) - \{ab)\^y/^]\ (18) 

This inequality is valid for all states, but if the state is 
a product state this becomes 

{AK{q^)f > [{{{Na + l)){{N, + l))-\{a){b)f)'/' 

-{{Na){N,)-\{a){b)\'y/']^ (19) 

Now let us examine the quantity on the right-hand side 
of the above inequahty. Setting x = {Na), y = {Nt), and 
z = |(a6)p, we want to find the minimum of the function 



F{x, y) = ^J{x + \){y + l)-z - ^xy - z, 



(20) 



in the region xy > z > 0. By setting dF/dx and dF/dy 
equal to zero, we find that F{x,y) has no local maxima 
or minima in the region of interest, so that the minimum 
of the function must lie on the boundary. This means we 
have to look at how F behaves on the curve xy = z and 
as x and y go to infinity. On the curve xy = z we find 
that 



F{x, zjx) 



Z \l/2 

+ l > 1. 

X / 



(21) 



Now let us consider what happens as x,y oo. We first 
note that 



F{x,y) 



du- — — > 



X + y + I 



ixy-z 

Continuing, we find 

X + y + 1 



F{x,y) > 



2^{x + l){y + l)- z' 
(22) 

(a; + 1) + (y + 1) - 1 



> 



2y/{x + l){y- 
1 \ Ix + l 



2 

> 1 



y 



1 



2^{x + l){y + l) 

T 1 



a; + 1 



1 



2^{x + l){y + l) 



y/{x + l){y+l) 

(23) 



Therefore, we can conclude that as x, y — > oo we have 
that F{x,y) > 1. Finally, this gives us (Ai4:(0)) > 1 
for a product state, and the argument in (see Eq. 
Q ) then implies that it is true for any separable state. 
Consequently, if for some state {AK {(/))) < 1, we can 
conclude it is entangled. 



Both Ki and K2 are measurable. If the two modes are 
sent into a nonlinear crystal, to lowest order in the non- 
linearity, the quadrature components of the mode corre- 
sponding to their sum frequency are proportional to Ki 
and K2 |jl4 | . These quadratures can then be determined 
by means of homodyne measurements. 

Let us exhibit a state for which AKi < 1. Consider 
the state 



- 00 

— Ti 

V ' n=0 



4)" 



^2n + l 



where < x < 1 and 



1 1 ^1 

''1= TT 
2x 



1 



\2n)a\2n)b, (24) 



(25) 



For this state we find that {ab) = 0, and 

1^ (2nH-2)(2n+ 1) 



(V'la'^'lV') 
{M{Na + l){N,^\m 
{il;\NaNi,\^) 
which implies 
{AKif = 1 



J2n+l 



7?,^„[(2n + 3)(2n+l)]i/2- 



77(1 — x'^Y 

3a;2 - 1 
3T2 



77(1 



+ 1, 



(26) 



77(1 — x'^Y 



2^ (2n + 2)(2n+l) 
"^^^„[(2n + 3)(2n+l)]V2^ 



(27) 

We can find a lower bound for the sum in the above 
equation, which gives us an upper bound for {AKi)^. 
We obtain 



(Ai^i)^ < 1 



1 

\/3 



'[I - x{2 - x'')] 
(1 



r.2\2 



(28) 



Noting that near a; = we have that 77 is approximately 
equal to l-|-(x^/3) we find that near x = the right-hand 
side of the above equation behaves like 1 — (4x/-\/3), so 
that AKi for this state can indeed be less than 1. 

In analogy to what was done for the su(2) variables it 
is possible to find other relations that must be obeyed 
by separable states. For example, in the case of product 
states we have that 



\{ab)\^\{a){b)\<[{Na){N,)Y'\ 



(29) 



and what we shall now do is show that this inequality 
is obeyed by all separable states. Therefore, a violation 
of this inequality implies that the state is entangled. In 
fact, we shall show that for any positive integers m and 
n, a separable state must satisfy the condition 



Ka^fe")! < [((a^)™a™)((6^)"6")]i/2. 
Clearly Eq. is a special case of Eq. l|Sn|) . 



(30) 
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As before, consider the density matrix of a general sep- 
arable state p = J2kPkPk, where pk is a density matrix 
corresponding to a pure product state, and pk is the prob- 
ability of Pk- Again, setting A — a™ and B — b'^,we have 
that 

\{AB)\' < Y,pm\MPkAB)\\TT{piB^A^)\ 

k,l 

< J2PkPii{A^A)k{B^B)k{A^A)i{B^B)i)'(Sl) 

k,l 

In terms of the quantities {A''A)k = Ti {A'' Apk) = Xk 
and {B'^B)k = Ti{B'^ Bpk) = ?/fc, this inequality can be 
rewritten as 

|(ABt)|2 < Y^plxuyk + ^Y^PkPiixkVkxmf'^- (32) 

k k>l 

Next we consider {A^A){B^B) = J^kPk^kVk + 
J2k>iPkPi{^kyi + xiyk)- As XkVi + xiyk > 2{xkykXiyi)^^'^ , 
we see that the inequality in Eq. (|30|l holds for all separa- 
ble states, i.e., if a state violates this inequality, it must 
be entangled. 

Returning to the case m = n = 1, we have that for a 
general state \{ab)\ < [{Na + 1) (iV;,)]^/^, which suggests 
that there are states that do violate the inequality in 
Eq. H29|l . An example of one that does is the two- mode 
squeezed vacuum state 

oo 

|V') = (l-x')^/'^a;"|n)a|n)6, (33) 

where < a; < 1. For this state we find that 

that we conclude from Eq. (|29l) that this state is entan- 
gled. 

We have derived a family of entanglement conditions 
for two-mode states. They enlarge the set of states that 
can be shown to be entangled by means of relatively sim- 
ple conditions. Some of these conditions provide, in prin- 
ciple, measurable tests of entanglement, that is, all of the 



quantities appearing in the inequalities can be measured 
in the laboratory. 

In closing, we point out that the methods employed 
here are not confined to demonstrating entanglement in 
two-mode states. To show this we briefiy consider a 
three-mode example. A more thorough analysis will be 
left to future work. Consider three modes whose annihila- 
tion operators are a, b, and c. For a state that is a tensor 
product of individual states for each of the modes, we 
have that |(a6tct)| = |(a)(6)(c)| < {{Na){m){N,)y/^ = 
(A^aiVfeiVj,)^/^. For a state that is completely separa- 
ble in the three modes, that is one that can be ex- 
pressed as p = HkPkPak <8i Pbk ® Pck, we find that 
|(afetct)| = j2kPk\{0')k{b)k{c)k\, which implies that 

|(a6tct)| < ^pfe((iV,iVbiV,)fe)i/2 

< (i^Pfc)'/'(EP''^(^-^''^-)fc)'^' 

fc k 

< {NaNbN.y^^, (34) 

where the next to last step follows from the Schwarz 
inequality. If a state is completely separable, it must 
obey this inequality, and, therefore, if the inequality 
is violated, the state will be entangled. An example 
of a state that does violate this inequality is given by 
IV') = (|l)a|0)fc|0)c + \0)a\l)b\l)c)/V2, which is a kind of 
GHZ state. In particular, for this state {NaN^Nc) = 0, 
and Kafo^ct)! = 1/2, which clearly violates the inequal- 
ity |(a6tc'f)| < {NaNbNcy/^. Therefore, we see that 
the types of inequalities developed here can be extended 
to study the multipartite entanglement of continuous- 
variable systems. 

Note added: After submission of this paper, publica- 
tions on very similar topics by Agarwal and Biswas [l^ 
and Shchukin and Vogel have appeared. 
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Telecommunication and Informatics Task Force (TITF) 
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